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Abstrat
In this paper we disuss the oupling between a quantum mehanial superon-
duting quantum interferene devie (SQUID) and an applied stati magneti eld.
We demonstrate that the bakreation of a SQUID on the applied eld an interfere
with the ability to bias the SQUID at values of the stati (DC) magneti ux at, or
near to, transitions in the quantum mehanial SQUID.
PACS: 03.65.-w, 74.50.+r, 85.25.Dq
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1 Introdution
There are a number of systems that are urrently being onsidered as andidates for the
onstrution of qubits, quantum logi gates and quantum omputers [1℄. Some of the
systems, notably atoms in magneti traps [2℄ and nulear magneti resonane (NMR)
systems [3℄, have had some suess in performing the elementary operations that would be
required in a large sale quantum omputer. These systems benet from the relatively weak
oupling between the quantum degrees of freedom used for the qubits and the external
environment. This an result in oherene times that are fairly long ompared to the
timesales used in the quantum alulations. However, these systems are not neessarily
seen as viable tehnologies for quantum omputing in the longer term. The diulties
involved in onstruting large sale quantum iruits using suh systems are likely to be
a limiting fator. A more realisti solution would be to develop qubit systems using solid
state systems that would allow systems to be fabriated easily and repeatedly. The reent
demonstration of marosopi oherene in a SQUID ring [4, 5℄ (onsisting of a thik
superonduting ring ontaining one or more Josephson weak link devies) has added
signiant weight to the idea of using SQUIDs in quantum logi systems [6, 7, 8, 9, 10℄,
although other tehnologies are also being atively onsidered [1, 9℄.
In this paper, we onsider one aspet of the quantum mehanial SQUID that has
previously been overlooked, and we disuss how it may inuene the onstrution and
1
design of quantum logi gates based on SQUID devies. The subjet of this paper is the
eet that the SQUID has on an applied magneti eld. Previous work has onentrated on
the appearane of nonlinear behavior in SQUID systems when they are oupled to radio-
frequeny osillator iruits (`tank' iruits). This system has been investigated in both
the lassial [11, 12℄ and the quantum regimes [13, 14℄, and has been shown to ontain
a range of interesting nonlinear eets. In the urrent work, we onentrate on a more
fundamental problem: the nonlinear eet of the SQUID on a stati magneti ux. In
partiular, we look at problems assoiated with xing the lassial magneti ux bias for
a quantum mehanial SQUID at, or near, a quantum mehanial transition or resonane.
We present results that suggest that the bakreation of the SQUID on the stati
magneti eld an alter the apparent shape of the quantum mehanial resonane even
when the oupling between the eld and the SQUID ring is weak. These results are
important for quantum logi gates onstruted using SQUIDs beause it is through a
stati (DC) magneti ux that the behavior of a SQUID qubit is ontrolled [6, 7, 8, 9, 10℄.
There are some dierenes between the way in whih the ux bias is used, but the eet
of the bakreation should remain where a quantum resonane is being exited by an
external time-varying eld, although the size of the eet will vary from system to system.
This is partiularly relevant for pi-SQUIDs, where the adjaent wells in magenti ux are
degenerate at zero applied ux [10℄, whih may redue the signiane of the eet.
2 Transitions in a quantum mehanial SQUID ring
The behavior of a quantum mehanial SQUID ring in the presene of a time-dependent
eld is given by the time-dependent Shrödinger equation (TDSE), whih an be solved
using perturbative methods [4℄ or non-perturbative methods [15, 16℄. In the later ase,
omplex multi-photon transitions an be found for both semi-lassial [15℄ and fully quan-
tum mehanial desriptions of the applied eld [16℄. We adopt the non-perturbative,
semi-lassial approah desribed in [15℄, although we will restrit ourselves to single-
photon, perturbative transitions for simpliity. However, the nonlinear analysis presented
below is appliable to the non-perturbative, multi-photon transitions and to the transi-
tions predited using perturbative methods. In the ase of the multi-photon transitions,
the omplexity of the transitions would make it diult to separate the nonlinear eets
from the transitions. Perturbative methods do provide an indiation of the ourrene of
a transition and an estimate of the line-width of that transition, but they do not allow
the shape of the resonane to be alulated, whih is ruial for the determination of the
nonlinear bakreation.
A thik superonduting ring ontaining a single weak link ring (a radio-frequeny (rf-
)SQUID ring) is often desribed in terms of a single marosopi degree of freedom, Φs,
orresponding to the enlosed magneti ux, with the eletri displaement ux Qs playing
the role of the onjugate momentum (stritly speaking the onjugate momentum is −Qs,
the ommutator being given by [Qs,Φs] = ih¯). The Hamiltonian for the ring is given by,
Hs(Φx(t)) =
Q2s
2Cs
+
(Φs − Φx(t))
2
2Λ
− h¯ν cos
(
2piΦs
Φ0
)
(1)
2
where Cs is the eetive apaitane of the weak link, Λ is the indutane of the ring,
ν is the (angular) tunneling frequeny of the weak link (related to the ritial urrent Ic
by ν = Ic/2e, where 2e is the harge of an eletron pair), Φ0 = h/2e = 2 × 10
−15
Wb is
the magneti ux quantum, and Φx(t) is the external magneti ux applied to the ring.
In this paper, we assume that the magneti ux ontains a time-dependent term to drive
the resonane (typially at mirowave frequenies Φmw(t) = Φmw(t) sin (ωmwt+ δ) where
δ is an arbitrary phase), and a stati DC magneti ux to provide the bias point Φdc. In
experiments, suh as those desribed in [4, 5, 17℄, the mirowaves are usually introdued
via a oaxial able ating as a transmission line, and the DC ux is applied by indutively
oupling a urrent-arrying oil to the SQUID.
Figure 1 shows the rst two (time-averaged) energy levels orresponding to the SQUID
ground state and rst exited state for SQUID ring with indutane Λ = 3×10−10H, weak
link apaitane Cs = 1 × 10
−16
F, h¯ν = 0.07Φ2
0
/Λ and subjet to a mirowave eld of
frequeny fmw = ωmw/2pi = 144.7229GHz and amplitude Φmw = 5 × 10
−5Φ0, where the
time-averaged energies are dened by,
〈〈E(Φdc)〉〉κ =
ωmw
2pi
∫
2pi/ωmw
0
dt 〈E(Φx(t))〉κ (2)
and 〈E(Φx(t))〉κ is the instantaneous energy eigenvalue of the κ'th instantaneous energy
state of the Hamiltonian (1), as desribed in [15℄, and orrespond to the Floquet quasi-
energies that are used extensively in quantum optis [18℄. For systems where the quantum
transitions are at mirowave frequenies, it is assumed that it is the time-averaged energies
(or the orresponding time-averaged sreening urrents, see below) that indue a nonlinear
bakreation in the DC oil. This approximation is based on the assumption that the
utuations in the DC magneti ux our at frequenies muh lower than those present
in the SQUID or the applied mirowaves.
3 The eet of the bakreation on the DC bias
The time-averaged energies shown in gure 1 are alulated assuming that the DC bias an
be set at a desired value with an arbitrary auray. At rst glane one might assume that,
in a real system, there will be some noise that will tend to `blur' out any very small features
but, as long as the magneti ux noise is small ompared to the size of the features, the
general form should be preserved. However, this is based on the assumption that it is the
stati magneti ux that is the ontrol parameter. In pratie, it is not the DC magneti
ux that is set, rather it is the DC urrent that ows through the oil that is xed. The
urrent owing in the DC oil indues a ux that ouples to the SQUID, whih indues a
sreening urrent in the SQUID ring that ouples bak to the DC oil modifying the true
value of the applied DC ux. This bakreation eet in quantum mehanial SQUID rings
has been studied in the ontext of an rf-osillator/SQUID system, where it is possible to
derive an equation of motion for a lassial osillator in the presene of an rf-SQUID that
inludes the eet of oupling to all orders [13, 14℄. We model the DC oil as an osillator
(for the moment at least), and use the denition of the mutual indutane M between a
3
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Figure 1: Time-averaged energy levels for the rst two energy states of an rf-SQUID ring,
showing a perturbative, single-photon transition at Φdc = 0.5Φ0. The inset shows the same
transition in more detail. (The system parameters are given in the text).
SQUID and an external indutive iruit,
Φs = ΛIs +MIt (3)
Φt = LtIt +MIs (4)
where Φt is the magneti ux in the osillator, and the osillator is haraterized by a
apaitane Ct, an indutane Lt. The Hamiltonian for the ombined system an be
written in the form [13℄,
H =
Q2t
2Ct
+
Φ2t
2Lt(1−K2)
− ΦtIin +
K2ΦtΦs
M(1−K2)
+
Q2s
2Cs
+
Φ2s
2Λ(1−K2)
− h¯ν cos
(
2piΦs
Φ0
)
=
Q2t
2Ct
+
Φ2t
2Lt
− ΦtIin
+
Q2s
2Cs
+
(Φs − µΦt)
2
2Λ(1 −K2)
− h¯ν cos
(
2piΦs
Φ0
)
= Ht(Iin) +Hs(µΦt) (5)
where Iin is the external urrent applied to the osillator and the oupling oeients are
given by K2 = M2/ΛLt and µ = M/Lt. From the Hamiltonian (5), we an see that the
eet of the oupling on the SQUID an be represented as shifting the eetive indutane
of the SQUID ring by a fator (1−K2), Λ→ Λ(1−K2).
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Averaging over the quantum behaviour, it is then possible to derive a lassial equation
of motion for the magneti ux in the osillator oil as a funtion of the applied urrent,
Ct
d2Φt
dt2
+
1
Rt
dΦt
dt
+
Φt
Lt
= Iin +
µ 〈〈IS(µΦt)〉〉κ
(1−K2)
(6)
where we have inserted a resistane Rt, and the time-averaged sreening urrent in the
SQUID ring is alulated using the bare (unrenormalised) indutane of the SQUID ring
Λ, leading to the 1/(1−K2) fator in the last term. (In referene [13℄ the average sreening
urrent in the ring is alulated using the value of the renormalised indutane, whih
removes the multipliative fator, but does not hange the behaviour predited by the
equation). The inlusion of the time-averaged sreening urrent,
〈〈IS(Φdc)〉〉κ = −
〈〈Φs(Φdc)〉〉κ
Λ
= −
∂ 〈〈E(Φdc)〉〉κ
∂Φdc
(7)
is equivalent to the use of the Born-Oppenheimer approximation [13, 19℄ that is used in
atomi and moleular alulations for systems that vary over very dierent time sales (e.g.
it is used to separate the slow dynamis of nulei from the very fast dynamis of eletrons).
In this situation, the Born-Oppenheimer approximation is used to separate the dynamis
of the SQUID/mirowave system from the dynamis assoiated with the DC oil.
Sine the subjet of this paper is the behavior of the DC magneti ux oil and all
utuations assoiated with the DC oil are assumed to have a very low frequeny, we an
approximate the osillator equation (6) by,
Φdc
Ldc
= Idc +
µ 〈〈IS(µΦdc)〉〉κ
(1−K2)
(8)
where the quantities now relate to the DC oil and the DC urrent that is applied to it.
This is the equation that we an use to determine how muh stati ux ouples to the
SQUID ring. It is nonlinear, so that the DC ux is not neessarily proportional to the
applied urrent. For a xed urrent level we an solve this equation to nd the DC ux
level that ouples to the SQUID. Given a range of these DC values, it is possible to use
the alulated, time-averaged energy levels to predit the apparent energy level struture.
Figure 2 shows the time-averaged energy levels from the inset from gure 1 as a funtion
of the applied DC urrent for several dierent oupling strengths, inluding the original
energies for omparison.
The three examples given in gure 2 show very dierent behavior. The rst, gure
2(a) with K2 = 0.01 orresponding to µ = 0.055, shows that the width of the resonane
in the ground state is redued by the eet of the bakreation, whilst the rst exited
state is broadened. Of ourse, it would normally be muh easier to see the ground state
behavior than the exited states beause of environmental eets, but we inlude both for
ompleteness. In gure 2(b), K2 = 0.03 and µ = 0.095, a hysteresis loop appears on either
side of the resonane. This is beause there are multiple solutions to equation (8), leading
to multiple allowable ux values for a single value of the DC urrent. The situation is even
more extreme in gure 2(), K2 = 0.05 and µ = 0.122, where the nonlinearities are now
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Figure 2: Time-averaged energy levels as a funtion of applied DC urrent for a DC oil
with Ldc = 1 × 10
−9
H: (a) K2 = 0.01 and µ = 0.055, (b) K2 = 0.03 and µ = 0.095, ()
K2 = 0.05 and µ = 0.122. The original energies shown as a dotted line for omparison. In
(b) and () inreasing urrent is shown as a solid line and dereasing urrent is shown as
a dashed line.
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so severe that the ground state resonane no longer looks anything like the original. The
single resonane shown in the inset of gure 1 has been split, giving asymmetri resonanes
that depend on whether the DC urrent is being ramped (quasi-statially) up or down.
In eah of these gures, the rst exited state behavior is relatively onsistent. This is
beause the eet of the bakreation is to broaden the features, reduing the eet of the
nonlinearity rather than narrowing the resonane, whih inrease the apparent size of the
sreening urrent (whih is related to the derivative of the energy level via equation (7)).
It should be stressed that the behavior shown in gure 2 is not dependent on the partiular
solution of the time-dependent Shrödinger equation hosen for this paper. The same type
of behavior should be seen in the region of any quantum transition or resonane with the
same general shape as that shown in the inset of gure 1. Equally, if the time-dependent
eld is removed the eet of the nonlinear bakreation will be very muh redued beause
it is dependent on the urvature of the time-averaged energy in the SQUID ring. When
the time-dependent eld is applied, the eet of the nonlinearity is muh stronger beause
of the 'sharp' shape of the resonane ompared to the bakground urvature of the time-
independent energy levels (see gure 1).
Although this is an interesting nonlinear eet in its own right, the importane of the
bakreation is mainly in what it tells us about the ability to ontrol or bias a quantum
mehanial SQUID at or near to one of its transitions. Near to a transition, the (time-
averaged) sreening urrents generated by the ring are very nonlinear and an generate
very strong nonlinear behavior, suh as hysteresis. If one were to try to hold the system
near to one of these regions of strongly nonlinear behavior, the DC ux might not behave
in a preditable manner when subjet to small amounts of noise, with the system `hopping'
around between the dierent possible ux states. This ould ause problems if the system
was required to operate in one of these regimes to reate quantum entanglements between
elements in a quantum iruit. The only way to redue these eets is to redue the
oupling between the DC oil and the SQUID ring. (The behavior shown in gure 2 is
only weakly dependent on the individual indutanes for the SQUID and the DC oil).
Although it may be possible to redue the ouplings for individual SQUID systems, there
may be pratial limitations to this approah when designing large sale systems with
many SQUID devies, of the type required for a large sale quantum omputer based
on SQUID tehnology. If the oupling is redued between a SQUID and its DC oil, to
redue the eets of the bakreation, it beomes diult to deouple the DC oil from the
neighboring SQUIDs, whih may introdue problems with ross oupling between qubits
and/or additional unwanted environmental eets.
4 Conlusions
The subjet of this paper has been the ontrol of quantum mehanial SQUID rings at, or
near to, a transition using an external stati magneti ux. We have shown that the eet
of the bakreation of the SQUID on the DC oil an be signiant near to a transition,
even when the oupling between the two systems is weak. For the example used in this
paper the eet is signiant even when the oupling is around 1% (K2 = 0.01). The
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appearane of nonlinear behavior in the DC oil, suh as multiple stable solutions and
hysteresis, ould lead to unpreditable behavior in the SQUID and disturb the orret
operation of a qubit/quantum gate based on SQUID devies.
The authors would like to thank the United Kingdom National Endowment for Siene
Tehnology and the Arts (NESTA) and the Engineering and Physi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iene Researh
Coun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